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Applied Maths Induction Workshop 2 — Relative Motion — Solutions

2009 - Ordinary Level — Question 2

A ship P is moving north at a constant speed of 20km/h. 20km/h

Another ship Q is moving south-west with a constant speed
of 10v2km/h . 50 km
P

At a certain instant, P is positioned 50 km due west of Q.

L 1072 km/h
Find (i) the velocity of P intermsof i and j.

(i)  the velocity of Q intermsof i and j.
(iii)  the velocity of P relativeto Q intermsof i and j.
(iv)  the shortest distance between P and Q in the subsequent motion.

Solution
() v, =20j

.. - = - - l = l e = e
(ii) vQ—10\/§cos45°|—10«/§sm45°1—10;5{— i 10,2 | — |j=-10i-10]
A A

(i) Vog =Vp —Vg = 20]—(—107—10]) =10i +30]

(iv)
tan9:§=3 = siné?zi
10 J10
] d d 3 150
But, sind=— = —=— = d = == =1510 km
50 50 /10 J10
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2006 — Ordinary Level — Question 2

16km/h
Ship A is travelling east «° north with a Bi >
constant speed of 39km/h, where tan o = %
Ship B is travelling due east with a constant 39km/h
speed of 16km/h .
p=—a"

At 2pm ship B is positioned 90 km due north
of ship A.

(i)  Express the velocity of ship A and the velocity of ship B intermsof i and j.

(i) Find the velocity of ship A relative to ship B intermsof i and j.

(iti)  Find the shortest distance between the ships.

Solution
(i)  v,=39cosai+39sinaj tna=— = cosa=-2 and sing=—
12 13 13
= V.= 39[EJT+ 39(3jj =36i+15]
13 13
v, =16i
(i) Ve =V,—V, =361 +15j —16i = 20i +15]
(iii) tan9=§=E = cosé'z§ and sin6’=ﬂ
B.\ 15 3 5 5
But, siné?zi = i:ﬂ
N 90 90 5
d = d=72km

90 km! \
i V,e =20i+15]
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2004 — Higher Level — Question 2(b)

Attime t =0, two particles P and Q are set in motion.

Attime t=0, Q has position vector 20i+40] metres relative to P .

P has a constant velocity of 3i+5jm/s and Q has a constant velocity of 4i—3jm/s.
Find

Q) the velocity of Q relative to P

(i) the shortest distance between P and Q, to the nearest metre

(iii)  the time when P and Q are closest together, correct to one decimal place.

Solution

. A e — _ —.'_ - 4

0] vV, =3i+5] Vo =41-3] ,
@:TQ—\TP=4T—3]—(3T+5])=T—8]

(i)  Equation of Relative Path: i
y_y1=m(X_X1) i I/I

=  y-40=-8(x-20) o

= 8x+y—-200=0 v

d =perpendicular distance from (0,0) to relative path

d= |ax, +by, +¢| |-200] 20065 _ 40./65 e *b‘::’ ——————————————
3

|
- = = = |
Jaz+b? \/65 65 1 v

i) Time= Relative Distance ~ y Relative Path

Relative Speed /65

h = /20% + 402 =+/2000

y>=h?>-d® ..Pythagoras’ Theorem

2

13
60+/65
= Time =—2_ =— = 4.6 seconds
Je5 13
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1996 — Higher Level — Question 2

A ship B, is travelling due West at 25-6km/h. A second ship, C, travelling at 32km/h is
first sighted 17 km due north of B. From B the ship C appears to be moving South-east.

Find

Q) the direction in which C is actually moving

(i) the velocity of C relative to B

(iii)  the shortest distance between the ships in the subsequent motion

(iv)  the time that elapses, after first sighting, before the ships are again 17 km apart.

Solution

(i)  v,=-256i

— - . - X - X =
V., = XC0S45°1 —XxsIin45° | = —=1——
cB J \/E \/EJ
V. =32sin9i—32co0sd |
Ves =Ve — Vs
= i-2j=(32sin0+25-6)i-32c0s 0]
202
= 32sin@+25-6=32cosd
= 32(cosf—sin0)=25-6
= cos@—sinezg ...divide by cosé
4
= 1—tan¢9:gsec6?
A Ve
= 1—tan9:§\/1+tan29 <
—  5-5tanf=4y1+tan’6 ...square both sides
= 25—-50tan §+25tan® @ =16+16tan’ o
= 9tan’0—-50tan#+9=0
- tam9_50@/’2500—324 504834 25+434
18 18 9

=  |0=¥¢2°] [9=10-6

(i) ——=32c0sf#=31.459 =  v_ =31.450i-31.450]

2
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(i) sindse= == ¢

2 1
= d= 17 =12 km
V2
17 km
. . Relative Di 2 . . —
(iv)  Time= clative Distance __2y ... 4449 is the magnitude of v

Relative Speed 4449

2
17
22177 | =
g (ﬁj
172
g 172

2
172

5 =0-54 hours = 32 minutes 24 seconds

2y =172

= Time
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2007 — Higher Level — Question 2(a)

Ship B is travelling west at 24km/h. Ship A is travelling north at 32km/h .
At a certain instant ship B is 8 km north-east of ship A.

Q) Find the velocity of ship A relative to ship B.
(i) Calculate the length of time, to the nearest minute, for which the ships are less than or
equal to 8 km apart.

Solution
(i)  v,=32j v, =—24i
Vs =Va—Vs
= v, =24i+32] V| = /247 +32° = 40km/h
tan0=gzﬂ = 0=53-1°
24 3
(ii) Time = Relative Distance _ 2x X

Relative Speed 40 20
0058o1°:§ = X=7-92 km

= Time = 72—22 =0-396 hours = 23 minutes 46 seconds
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2002 — Higher Level — Question 2(a)

Two boats, B and C, are each moving with constant velocity.

At a certain instant, boat B is 10 km due west of boat C .

The speed and direction of boat B relative to boat C is 2-5m/s in the direction 60° south
of east.

Q) Calculate the shortest distance between the two boats, to the nearest metre.
(i) Calculate the length of time, to the nearest second, for which the boats are less than or
equal to 9 km apart.

Solution

V3 d

2 10

=  d=5/3km=8660m
Relative Distance ~ 2x

Q) sin60° =

(i) Time = : =
Relative Speed  2-5
x* =9,000% —8, 660> ...Pythagoras’ Theorem
= x=2,450m = 2Xx=4,900 m
= Time = @

c =1 960 seconds
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2009 — Higher Level — Question 2(a)

Two cars, A and B, travel along two straight
roads which intersect at right angles.
A is travelling east at 15m/s.

v
|

B is travelling north at 20m/s.

At a certain instant both cars are 800 m from the
intersection and approaching the intersection.

Find (i) the shortest distance between the cars
(i) the distance each car is from the intersection when they are nearest to each
other.

Solution

Q) Allow B to go to intersection.
Distance 800

Time to intersection = = =40 seconds
Speed 20

In the meantime, A has travelled 15x40 =600 m and is now 200 m from
intersection.

v, =15i
v=20; .t ®------
— _ B
Vg =V, —Vg =151-20] :
tan0=§=ﬂ = smé?:ﬁ
3 5 :
But, siné?:i — i:ﬂ
200 200 5 :
—  d=160m |
(i)  Time— RelativeDistance _ _ x _ x
Relative Speed 1524202 25 :
x? = 200% —160° ...Pythagoras’ Theorem |
= Xx=120m |
= Time:@:4-8 seconds 5
25
A has travelled 15x4-8=72m = 128 m from intersection
B has travelled 20x4-8=96 m = 96 m from intersection.
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2008 — Higher Level — Question 2(a)

Two straight roads cross at right angles. —>

A woman C, is walking towards the intersection ¢ ]
with a uniform speed of 1-5m/s.

Another woman D is moving towards the

intersection with a uniform speed of 2m/s.

C is 100 m away from the intersection as D passes the intersection. D

Find (i) the velocity of C relativeto D
(i) the distance of C from the intersection when they are nearest together.

Solution

) ve=15i Vo =2]

Vep =V —Vp =1-51 -2

(i) taneziz— = c056'=§
1.5 3 5
But, cos¢9=i = L=§
100 100 5
= Xx=60m
. Relative Distance 60
Time= =

Relative Speed ~ /1.52 4+ 22
= Time = 24 seconds
C hastravelled 1-5x24 =36 m = C isnow 64 m from intersection.
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2009 — Higher Level — Question 2(b)

The speed of an aeroplane in still air is ukm/h.
The aeroplane flies a straight line course from P to Q, where Q is north of P.

If there is no wind blowing the time for the journey from P to Q is T hours.

Find, in terms of u and T, the time to fly from P to Q if there is a wind blowing from the
south-east with a speed of 4/2 km/h.

Solution
No Wind
v —u
; _ Distance _ PQ|
Speed u
= |PQ|=uT| ..actual distance from P to Q.

Vi = —4/2 cos45° + 44/25in 45°

using

v, =—4i+4]

V,y =Ucosdi+usind]

Vaw =Va =Wy
S
=  v,=(ucosf-4)i+(using+4) ]
v: needs to be due north = i—component=0
4 : Ju? -16
= ucosf-4=0 = cosf =— = sm6?=T
u

A
= ‘\TA‘:4+\/u2—16

= \Z[}J{@}+4J](4+M)]

. Distance
Time= ——
Speed
= Time = ut

4+-Ju>-16
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2006 — Higher Level — Question 2(a)

Two aeroplanes A and B, moving horizontally, are travelling at 200km/h relative to the
ground. There is a wind blowing from the east at 60km/h . The actual directions of flight A
and B are north-west and north-east respectively.

Find (i) the speed of aeroplane A in still air
(i)  the magnitude and direction of the velocity of A relativeto B.

Solution

(i v, =—60i
v, =—200c0s45° +2005in 45° =—100:/2i +100+/2 j
v, =1002i+10042
Speed of Aeroplane A instill air=v,,
Vi =Va—Viy
= V,, =—10042i+100~/2 j +60i
= Vuy =(60-100v2)i+100V2 ]

E \/(60 ~100v2) +(100v2)" =163-19km/h
(i) Vig =Va—Vs

Vo =-100V2i+ 10047 ] (10021 + 100477

Ve =—200321

Vs | = 2002

Direction: Due West.
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2008 — Higher Level — Question 2(b)

On a particular day the velocity of the wind, in terms of i and j,is xi—3], where xe N.

i and j are unit vectors in the directions East and North respectively.

To a man travelling due East the wind appears to come from a direction North «° West
where tana=2.

When he travels due North at the same speed as before, the wind appears to come from a
direction North S° West where tanﬂ:g.

Find the actual direction of the wind.

Solution

Travelling East Travelling North

v, = pi

—

Vv = pj
v, =Xi—3]j v, =Xi—3]j
Vi = Vo —Vir Vi =V —Vir
Vi :(X_p)i_3j Vivm :Xi_(3+ p)]
-p X
tanag =——— tan f=——
3 d 3+p
3 2 3+p
2Xx-9
p p 3
N X_6=2x—9
3 9
= 3X—-18=2x—-9 = <c-------ce-oo—-- »
= x=9
= v, =9i-3j

tand=3 = 0=71-6°
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2010 — Higher Level — Question 2(b)

When a motor-cyclist travels along a straight road from South to North at a constant speed of
12-5ms™ the wind appears to come from a direction North 45° East.

When she returns along the same road at the same constant speed, the wind appears to come
from a direction South 45° East.

Find the magnitude and direction of the velocity of the wind.

Solution

South to North North to South
v, =12-5j v,, =—12-5]
Vi =—P1= D] Vy =01 +0]
Vi = Vi +Vyy Viy = Vi +Vy

Vo =—Pi+(125-p) ] W, =—qi+(q-12-5)

vy =V
=  —pi+(12-5-p)j=—qi+(q-12-5)]
= p=q and 12.5-p=q-12-5
= p=q=12-5
= %:—12~57+0]
‘\E‘ =12-5m/s

Direction: Due West
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